Large-eddy simulation (LES) has traditionally been restricted to fairly simple geometries. This paper discusses LES of reacting flows in geometries as complex as commercial gas turbine engine combustors. The incompressible algorithm developed by Mahesh et al. (J. Comput. Phys., 2004, 197, 215-240) is extended to the zero Mach number equations with heat release. Chemical reactions are modeled using the flamelet/progress variable approach of Pierce and Moin (J. Fluid Mech., 2004, 504, 73-97). The simulations are validated against experiment for methane-air combustion in a coaxial geometry, and jet-A surrogate/air combustion in a gas-turbine combustor geometry.
Introduction
Large-eddy simulation ͑LES͒ is a three-dimensional, unsteady, computational approach where the unsteady Navier-Stokes equations are spatially filtered, the large scales are directly computed, and the effect of the filtered scales on the resolved scales is modeled. LES is considered very attractive for predicting scalar mixing and pollutant formation ͓1-6͔ in turbulent reacting flows. Presently, LES and direct numerical simulation ͑DNS͒ have largely been used to study turbulent flows in simple configurations. Figure 1 contrasts an axisymmetric coaxial combustor to a commercial gas-turbine engine combustor. The considerable increase in geometrical complexity is apparent. The focus of this paper is development of the capability to reliably perform LES of reacting flows in geometries as complex as commercial gasturbine combustors.
Key elements of this capability include subgrid models for turbulent reacting flows, and the numerical methods used to solve the resulting equations. Peters ͓7͔ provides a detailed review of modeling approaches to turbulent combustion. Some of the key approaches are flamelets ͓8͔, conditional moment closure ͓9͔, probability density function ͓10͔, and linear-eddy modeling ͓11͔. Most of these ideas were originally proposed in the Reynolds-averaged ͑RANS͒ context, and recently have been extended to the LES framework ͑e.g., ͓12-19,2͔͒ . Different approaches to subgrid modeling exist; this paper uses the flamelet/progress-variable approach of Pierce and Moin ͓2͔.
The numerical method used to solve the LES equations is quite important, since numerical errors tend to be largest at the smallest resolved scales, which is also where the subgrid model is most active. Numerical errors can, therefore, compete with, and even overwhelm the effect of the subgrid model. Dissipative errors are considered more harmful than dispersive errors in this regard ͑e.g., ͓20͔͒. However, the complete absence of numerical dissipation can result in nonlinear instability at coarse resolutions. For incompressible flows, one solution to this problem is to constrain the numerical scheme to discretely conserve not only mass and momentum, but also kinetic energy. This approach has proved quite successful on structured grids ͑e.g., ͓21-24͔͒. Extension to unstructured grids were performed by Mahesh et al. ͓1͔, who validate their approach for flows ranging from the Taylor problem to incompressible flow in a commercial gas-turbine combustor. This paper extends ͓1͔ approach for constant density incompressible flows to zero Mach number reacting flows.
The paper is organized as follows. Section 2 discusses discrete energy conservation, and summarizes the algorithm developed by Mahesh et al. ͓1͔ for constant density incompressible flows. The incompressible algorithm is extended to variable density flow with heat release, and combined with the flamelet/progress-variable subgrid model of ͓2͔ in Sec. 3. Validation results for reacting flow in a coaxial and gas turbine combustor are discussed in Secs. 3.4 and 3.5, respectively.
Constant Density Incompressible Flow
The incompressible Navier-Stokes and continuity equations are
where u i , p, and denote the velocity, pressure, and kinematic viscosity, respectively. Note that density is absorbed into the pressure. Spatial filtering ͑denoted by the overbar͒ with a commutative filter yields the incompressible LES equations: A numerical method that emphasizes discrete energy conservation was developed for the above equations on unstructured grids with hybrid, arbitrary elements. The algorithm is described in detail by Mahesh ͓1͔ and will only be summarized here. For incompressible flows, discrete energy conservation refers to the fact that the convective and pressure terms in the discrete kinetic energy equation are expressible in divergence form. In the absence of viscosity, the continuity and momentum equations imply that ‫ץ‬ ‫ץ‬t
Using Gauss' theorem, the above equation implies that the integral of the kinetic energy over the computational domain is determined by its boundary fluxes and pressure-work at the boundaries. This is a useful property for a numerical algorithm since it implies that the sum of positive quantities is bounded. However, unlike the continuous equations, mass and momentum conservation do not imply kinetic energy conservation for the discrete equations; this constraint has to be imposed. Mahesh et al. ͓1͔ method is a predictor-corrector formulation that emphasizes energy conservation for the convection and pressure terms on arbitrary grids. The cell velocities u i and the facenormal velocities v n are treated as essentially independent variables. Time advancement may be explicit using the second-order Adams-Bashforth method, or fully implicit using the Crank-Nicholson scheme along with linearization of the nonlinear terms.
The nonlinear and viscous terms are used to obtain a predictor value for the cell-centered velocities. The predicted values of u i are used to obtain predicted values for the face-normal velocities, which are then projected to obtain the pressure, p. Once p is obtained, the Cartesian velocities are updated as
The discrete expression used for ‫ץ‬p / ‫ץ‬x i affects the robustness of the solution on highly skewed grids. A least-squares expression that alleviates this problem was, therefore, derived for the pressure gradient term in Eq. ͑4͒. Section 3 extends the incompressible algorithm to the zero Mach number variable density equations.
Constant Density Flow in a Coaxial
Combustor. The coaxial combustor ͑Fig. 1͒ is a model problem that has some of the key physical features of gas-turbine combustors. Detailed experimental data ͓27͔ are available, which make it an ideal test problem. Figure 1 shows a cross section of the axially symmetric geometry. The flow involves interaction between two streams: Fully developed turbulent pipe flow, and turbulent, annular swirling flow. Both streams discharge into an expansion. The resulting axial adverse pressure gradient causes the flow to diverge radially, and sets up a recirculation region in the expansion. If the two streams were reacting, this recirculation region would help stabilize the flame.
LES was performed under conditions corresponding to Sommerfeld and Qiu's ͓27͔ ͑1991͒ experiments in a coaxial combustor geometry. The primary jet has a radius of 16 mm and the secondary annular jet extends over the radial interval of 19-32 mm. The outer radius of the annulus is 32 mm, and the test section is 960 mm long. The test section connects to a stagnation chamber of length 640 mm and radius 288 mm. The Reynolds number of the primary jet is 26,200 and the swirl number ͑ratio of mean azimuthal to axial momentum͒ in the annulus is 0.47. The ratio of flow rates of the annular jet to the primary jet is 3.87. Sommerfeld and Qiu's ͓27͔ experiments had glass beads in the primary jet. The present algorithm was extended to account for particles using a Lagrangian approach, and LES including the particles was performed by Apte et al., ͓28,29͔. Here, we only consider the gas phase.
An unstructured grid of 1.6ϫ 10 6 hexahedral volumes was generated, with approximately 0.9ϫ 10 6 elements in the first half of the test section. The smallest grid spacing was approximately 32 m near the walls, and in the shear layers close to the annular inlet into the test section. Unsteady velocities corresponding to turbulent pipe flow, and turbulent annular swirling flow, from a separate computation were specified at the inflow. Convective boundary conditions were imposed at the outflow. Profiles at six stations of mean streamwise, radial and azimuthal velocities and turbulence kinetic energy are compared to experiment in Fig. 2 , and good agreement is observed.
Reacting Flow

Governing Equations.
The incompressible algorithm is extended to turbulent reacting flows. The zero Mach number equations are used to represent the gas-phase, and the flamelet/ progress variable approach of Pierce and Moin ͓2͔ is used to model the effect of chemical reactions. The governing equations in the absence of spatial filtering are: 
Here, Z denotes the mixture fraction which is a conserved scalar, and C is a progress variable that models the "progress" of the reaction. , ␣, and w C denote the molecular viscosity, molecular scalar diffusivity and chemical source term, respectively. The density, temperature, molecular viscosity, molecular diffusivity, reaction source terms in the progress variable equations, and chemical species are related to the mixture fraction and the progress variable through a flamelet library that is precalculated, given the specific fuel reactions, and the flow conditions in the combustor. The progress variable is chosen to represent overall flame behavior, and varies monotonically with the flame state. The single-parameter flamelet library is developed using stationary solutions to the one-dimensional reaction-diffusion equations. The unstable and the lower branches of the S-shaped curve are included so that the complete range of flame states, from completely extinguished ͑mixing without reaction͒ to completely reacted ͑equilibrium chemistry͒, is represented in the library. Arbitrarily complex chemical kinetic mechanisms as well as differentialdiffusion effects can be included. The result is a complete set of flame states, in terms of mixture fraction and a single flamelet parameter denoted by ͑typically the scalar dissipation rate͒:
Here, y k denotes the mass fractions of the chemical species, and T is the temperature.
Numerical Method.
The Cartesian components of momentum, density and pressure are stored at the centroids of the computational elements, and the face-normal velocity is stored at the centroids of the faces. Note that once density is obtained from the flamelet library, the continuity equation can be imposed as a constraint on the momentum field, with the time-derivative of density as a source term. This constraint is enforced by the pressure, in a manner analogous to the enforcement of the incompressibility constraint for constant density flows. The computational approach is to first advance the mixture fraction, Z and the progress-variable C. The flamelet library yields the density, whose time-derivative is then computed. The cell-centered momentum is predicted using the convective, viscous, and pressure-gradient at the present time step. The predicted value of the momentum is then projected such that the continuity equation is satisfied. The projection step yields the pressure, whose gradient is computed using the same least-squares approximation as the incompressible algorithm ͓1͔, and is used to correct the cell-centered momentum Details of the spatial discretization are provided below. Time advancement may be explicit ͑second-order Adams-Bashforth͒ or fully implicit ͑Crank-Nicholson͒. Using the notation AB2/CN to denote use of the Adams-Bashforth or Crank-Nicholson operators, the predictor step for the momentum equation is given by
where V denotes the volume of the computational element, ⌬t denotes the timestep, and
where N i denotes the outward normal at each face, the subscript, "f" denotes values computed at the faces, and the summation is over all faces of the control volume. Also, ͉u i ͉ f = ͉͑u i ͉ icv1 + ͉u i ͉ icv2 ͒ / 2 where the subscripts, "icv1" and "icv2" denote the control volumes on either side of the face. The velocity gradient at the faces,
where the gradient at the cell centers is computed using a leastsquares formulation. Also,
The velocity divergence, ͉͑‫ץ‬u k / ‫ץ‬x k ͉͒ f is computed by averaging its values at the neighboring cells, which are computed as
Once u î is obtained at the cell centers, it is averaged to yield its value at the faces, ͉u î ͉ f . Contraction with the face-normal vector yields v N , which is corrected using 
The continuity equation implies that ͚ faces of cv v N A f = −͉V͑‫ץ‬ / ‫ץ‬t͉͒ cv . Here, denotes the corrected pressure, and d f is the distance between the neighboring cells projected normal to the face. Invoking the continuity equation yields the following equation for ⌬t ͚ faces of cv
A multigrid approach is used to solve the above equation for the corrected pressure. Once is obtained, Eq. ͑9͒ is used to obtain v N n+1 . The momentum at the cell centers is obtained using
The least-squares formulation used by Mahesh et al. ͓1͔ is used to compute the pressure gradient in the above correction step and update u i .
LES Model.
The LES model is that proposed by Pierce and Moin ͓2͔. Favre filtering of the governing equations ͑5a͒-͑5d͒ ͑denoted by˜, f = f / ͒ yields the LES equations.
Here, ij denotes the subgrid stress and is modeled as
and the isotropic part of the subgrid stress ͑q 2 ͒ is absorbed into the pressure. q j Z denotes the subgrid flux of the mixture fraction and is modeled as
q j C denotes the subgrid flux of the progress variable which is modeled similar to the mixture fraction. The coefficients C and C ␣ Z are obtained using the dynamic procedure ͓25͔. Note that the dynamic procedure makes C ␣ Z dependent on the resolved velocities and mixture fraction, which introduces a dependence on mixture fraction into ␣ t Z . The same holds for the progress variable diffusivity, ␣ t C . The flamelet library, i.e., Eq. ͑6͒ is highly nonlinear; the filtered variables ͑ , T , ỹ k , and w C ͒, therefore, cannot be represented solely in terms of the primitive variables ͑Z , C ͒. The probability density function ͑PDF͒ approach is used to obtain the filtered density and chemical source terms. Filtered combustion variables are obtained by integrating Eq. ͑6͒ over the joint PDF of the subgrid fluctuations in Z and . The presumed PDF approach is used; e.g.,
where it is assumed that the joint PDF, P ͑Z , ͒ = P ͑Z͒P ͑͒. Here, P ͑Z͒ is modeled as a two-parameter beta distribution, and P ͑͒ is modeled as a delta function ͓2͔. Each subgrid state is, therefore, represented by a single flamelet. The assumed PDF's yield the chemical variables in terms of Z , ZЉ 2 , and . Note that the progress variable, C satisfies an unsteady governing equation, ͑Eq. ͑12d͒͒ in addition to being expressed in terms of Z and in the flamelet library. The solution procedure is to advance Z and C using Eqs. ͑12c͒ and ͑12d͒, and obtain from the flamelet library.
Once is known, all other variables can be obtained, i.e., filtered values of y k , T, , w k , , and ␣ are each expressible as f͑Z , ZЉ 2 , C ͒. The subgrid mixture fraction variance ZЉ 2 is obtained following ͓2͔;
where the coefficient C Z is calculated dynamically. were used for validation. The quantities validated include mean velocity profiles, temperature and chemical species at several stations inside the combustion chamber. A cross section of the axisymmetric geometry is seen in Fig. 3 . Fuel was introduced through the circular core section at a relatively low velocity of 0.93 m / s, and nonswirling air was introduced through the surrounding annulus at a much higher mean velocity of U = 20.6 m / s. The mass flow rates of the fuel and air in the inlet sections were 0.0072 and 0.137 kg/ s, respectively, the air temperature was 750 K, and the fuel temperature was 300 K. The mean pressure in the combustor was 3.8 atm. The fuel used in the experiment was natural gas but was assumed to be pure methane in the computations; Pierce and Moin ͓2͔ make the same assumption. The exterior radius of the annulus was R = 4.865 cm, and is used for nondimensionalization. The Reynolds number of the air stream was 50,000 at the inflow.
Reacting Flow Simulations in a Coaxial Combustor
A computational grid containing approximately 1.3 million hexahedral elements was used. The grid resolution in the region where the fuel and air streams mix, was comparable to that in Pierce and Moin's structured grid simulations which use approximately 2.5 million elements. The main combustor chamber was 12R long, and the computational inflow plane extended 1R upstream. Fully developed turbulent inflow conditions from separate calculations for a periodic pipe and annular pipe domains were specified at the inflow. The mixture fraction at the inflow, was unity for the fuel stream, and zero for the air stream. The progress variable, C was zero at the inflow for both streams. Fully developed incompressible velocity and scalar fields were obtained before the chemistry model was turned on. The initial progress vari-able scalar field was set to its maximum allowed value determined from fast chemistry, so that initially the flame was fully ignited. A chemical table corresponding to methane and the specified combustor pressure was precalculated ͑Pierce, private communica-tion͒. The product mass fraction was chosen as the progress variable. Figure 3 show instantaneous contours of the velocity, temperature, mixture fraction, and progress variable, respectively. Because of the high air/fuel velocity ratio, a strong central recirculation region is formed in front of the fuel port. The recirculating combustion products provide a continuous ignition source for the relatively cold incoming reactants, thereby stabilizing the flame. Note that mixture fraction is computed based on the total carbon and hydrogen atoms mass fractions, and the product mass fraction is computed from y CO 2 + y H 2 O . In the experiment, the flame location was observed to lift off the burner and reattach intermittently in a highly unsteady asymmetric manner. The LES also predicts a lifted flame; animation of the progress variable contours shows similar unsteady behavior of the flame front. Figures 4-8 compare statistics of the mean and fluctuating streamwise velocity, temperature, mixture fraction, progress variable, and CO mass fraction to experiment, and Pierce and Moin's ͓2͔͒ structured grid Note that the purpose of comparison to Pierce and Moin's ͓2͔ computations is validation; it is not intended to suggest that the unstructured approach is superior to a structured grid approach for the coaxial combustor geometry. In fact, for simple configurations like the coaxial combustor, a structured grid solver would be more efficient. However, an unstructured grid methodology affords more generality, and is easily applied to significantly more complex geometries like the commercial gas-turbine combustor discussed below.
Reacting Flow in Gas Turbine Combustor Geometry.
LES of turbulent reacting flow was performed in the combustor geometry of a Pratt and Whitney gas-turbine engine. The simulation is performed for the sector corresponding to one of 18 injectors. Figure 9 shows the level of geometrical complexity; the combustor has numerous passages, holes of various sizes and shapes, swirlers, and obstacles in the flow path. The combustor chamber is fed by three coaxial swirlers and several dilution holes. The inlet air passes through the pre-diffuser and follows two paths; the main stream flows through the swirlers and enters the chamber, Fig. 9 Instantaneous contours of the "a… velocity magnitude, "b… streamwise velocity, "c… mixture fraction, and "d… progress variable from LES of reacting flow in gas turbine combustor geometry while the secondary stream is diverted to the outer diffusers, and enters the combustor through the dilution holes. The computations include the effects of flow bleed and transpiration, whose values are specified as boundary conditions. The Reynolds number based on radial height, and mean velocity in the inlet section of the pre-diffuser is around 600,000. The Reynolds number inside the core swirler channel is about 150,000. The fuel was Jet A; a corresponding flamelet library for the two-component surrogate ͑80% n-decane and 20% 1,2,4-rrimethyl-benzene͒ was generated. This chemical mechanism contains approximately 1000 elementary reactions among 100 chemical species ͑Pitsch, private communication͒.
The algorithm and subgrid model described in Sec. 3 were used to perform the simulations. In addition, a Lagrangian approach was used to model the fuel as a spray, which atomizes, breaks up, and evaporates. The inter-phase mass, momentum and energy transfer is modeled using two-way coupling. Two-way coupling between the gas-and liquid phases was accounted for. Details of the Lagrangian extension to the gas-phase algorithm are described by Refs. ͓1,28,29͔; only the results are shown here. Liquid fuel is specified as a boundary condition over a thin ring at the injector exit. Also, flow rates corresponding to outflow from the outer diffuser to the secondary cooling systems, and transpiration through the combustor liners are specified as boundary conditions from experiment.
A hybrid unstructured grid of approximately 1.9 million elements ͑hexahedral, tetrahedral, and pyramids͒ was used to perform the simulations. The cold-flow simulations were used to initialize a gas-phase reacting flow. The mass-flow rate of the gas phase in the fuel inlet sections were matched to their experimental value. After a statistically stationary gas-phase flow was obtained, fuel was then re-specified as liquid. The liquid fuel emerges as a conical spray, which breaks up and evaporates downstream of the injector. Figure 10 shows a snapshot of the region immediately downstream of the injector, where particle positions corresponding to the spray droplets are superposed on contours of velocity magnitude. Contours of the velocity magnitude, axial velocity, mixture fraction, and progress variable are shown in Fig. 9 . The correspondence between the progress variable and temperature is apparent. Swirl is seen to set up a recirculating region downstream of the injector. The fuel and air streams diverge radially; their interaction produces a lifted flame and an associated increase in temperature. In contrast to cold flow ͓1͔, heat release accelerates the fluid axially. This acceleration is evident in the dilution hole jets displaying a shallower trajectory as compared to the cold flow. The hot combustion products, and recirculation prevent flame blow out. Cold dilution jets interact with the combustion products to noticeably decrease the temperature. Proprietary experimental data for the mass splits were used for validation. The error between LES and experiment is shown in Table 1 , and seen to be quite acceptable. Table 1 Comparison of mass splits between simulation and experiment in gas turbine combustor geometry. The absolute value of the percentage error computed with respect to the experimental value is shown. Figure 10" 
